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Abstract The two-dimensional, periodic Lorentz gas, is the dynamical system correspond-
ing with the free motion of a point particle in a planar system of fixed circular obstacles
centered at the vertices of a square lattice in the Euclidean plane. Assuming elastic collisions
between the particle and the obstacles, this dynamical system is studied in the Boltzmann-
Grad limit, assuming that the obstacle radius r and the reciprocal mean free path are asymp-
totically equivalent small quantities, and that the particle’s distribution function is slowly
varying in the space variable. In this limit, the periodic Lorentz gas cannot be described
by a linear Boltzmann equation (see Golse in Ann. Fac. Sci. Toulouse 17:735-749, 2008),
but involves an integro-differential equation conjectured in Caglioti and Golse (C. R. Acad.
Sci. Sér. I Math. 346:477-482, 2008) and proved in Marklof and Strombergsson (preprint
arXiv:0801.0612), set on a phase-space larger than the usual single-particle phase-space.
The main purpose of the present paper is to study the dynamical properties of this integro-
differential equation: identifying its equilibrium states, proving a H Theorem and discussing
the speed of approach to equilibrium in the long time limit. In the first part of the paper,
we derive the explicit formula for a transition probability appearing in that equation follow-
ing the method sketched in Caglioti and Golse (C. R. Acad. Sci. Sér. I Math. 346:477-482,
2008).
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1 The Lorentz Gas

The Lorentz gas is the dynamical system corresponding with the free motion of a single
point particle in a system of fixed spherical obstacles, assuming that collisions between the
particle and any of the obstacles are elastic. This simple mechanical model was proposed in
1905 by H.A. Lorentz [17] to describe the motion of electrons in a metal—see also the work
of P. Drude [10]

Henceforth, we assume that the space dimension is 2 and restrict our attention to the case
of a periodic system of obstacles. Specifically, the obstacles are disks of radius » centered at
each point of Z2. Hence the domain left free for particle motion is

1
Z. = {x e R? | dist(x, Z%) > r}, WhereO<r<§. (1.1)
Throughout this paper, we assume that the particle moves at speed 1. Its trajectory start-

ing from x € Z, with velocity w € S! at time ¢ = 0 is denoted by ¢ — (X,, Q,)(t; x, ®) €
R? x S'. One has

{ X, (1) =Q,),
. whenever X, (t) € Z,, (1.2)
Q@) =0,
while
X = -
[ P +0) =X, 0), whenever X, (t) € 4Z,. (1.3)
Q (1t +0) =R[X, (]2t —0),

d

In the system above, we denote "= -,

point X, (1) = X, (t £0).

Next we introduce the Boltzmann-Grad limit. This limit assumes that r < 1 and that the
initial position x and direction w of the particle are jointly distributed in Z, x S' under some
density of the form £ (rx, w)—i.e. slowly varying in x. Given this initial data, we define

and R[X,(¢)] is the specular reflection on dZ, at the

£t x, )= f"(rX,(—t/r;x, o), Q(—t/r;x,w)) whenever x € Z,. (1.4)

In this paper, we are concerned with the limit of f, as r — 0% in some sense to be explained
below. In the 2-dimensional setting considered here, this is precisely the Boltzmann-Grad
limit.

In the case of a random (Poisson), instead of periodic, configuration of obstacles,
Gallavotti [11] proved that the expectation of f, converges to the solution of the Lorentz
kinetic equation

@ +o-VIft,x,0) = [o(ft,x,0—2w- -nmn) — [, x, o) n)dn,

flizo=f™, (4
for all # > 0 and (x, w) € R? x S'. Gallavotti’s remarkable result was later generalized and
improved in [3, 23].

In the case of a periodic distribution of obstacles, the Boltzmann-Grad limit of the
Lorentz gas cannot be described by the Lorentz kinetic equation (1.5). Nor can it be de-
scribed by any linear Boltzmann equation with regular scattering kernel: see [12, 14] for a
proof of this fact, based on estimates on the distribution of free path lengths to be found in
[4] and [15].
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266 E. Caglioti, F. Golse

In a recent note [7], we have proposed a kinetic equation for the limit of f, as r — 0.
The striking new feature in our theory for the Boltzmann-Grad limit of the periodic Lorentz
gas is an extended single-particle phase-space (see also [13]) where the limiting equation is
posed.

Shortly after our announcements [7, 13], J. Marklof and A. Strémbergsson independently
arrived at the same limiting equation for the Boltzmann-Grad limit of the periodic Lorentz
gas as in [7]. Their contribution [19] provides a complete rigorous derivation of that equation
(thereby confirming an hypothesis left unverified in [7]), as well as an extension of that result
to the case of any space dimension higher than 2.

The present paper provides first a complete proof of the main result in our note [7]. In
fact the method sketched in our announcement [7] is different from the one used in [20],
and could perhaps be useful for future investigations on the periodic Lorentz gas in 2 space
dimensions.

Moreover, we establish some fundamental qualitative features of the equation governing
the Boltzmann-Grad limit of the periodic Lorentz gas in 2 space dimensions—including an
analogue of the classical Boltzmann H Theorem, a description of the equilibrium states, and
of the long time limit for that limit equation.

‘We have split the presentation of our main results in the two following sections. Section 2
introduces our kinetic theory in an extended phase space for the Boltzmann-Grad limit of
the periodic Lorentz gas in space dimension 2. Section 3 is devoted to the fundamental
dynamical properties of the integro-differential equation describing this Boltzmann-Grad
limit—specifically, we present an analogue of Boltzmann’s H Theorem, describe the class
of equilibrium distribution functions, and investigate the long time limit of the distribution
functions in extended phase space that are solutions of that integro-differential equation.

2 Main Results I: The Boltzmann-Grad Limit

Let (x,w) € Z, x S', and define 0 < #) <1, < --- to be the sequence of collision times on
the billiard trajectory in Z, starting from x with velocity . In other words,

{tjljeN}={teR} | X,(t;x,0) €IZ,}. 2.1
Define further
(xj, ;) =X, (t; +0;x,w), 2. (t; + 0; x,w)), j=0. 2.2)
Denote by n, the inward unit normal to Z, at the point x € dZ,, and consider

F,i ={(x,0)€dZ, xS' | +w-n, > 0},
(2.3)
M= {(x,w) €3z, xS' |w-n, =0}.
Obviously, (x;, w;) € I';F UT? for each j > 0.
2.1 The Transfer Map
As a first step in finding the Boltzmann-Grad limit of the periodic Lorentz gas, we seek a

mapping from " UT? to itself whose iterates transform (xq, wg) into the sequence (x @)
defined in (2.2).
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Boltzmann-Grad Limit for Periodic Lorentz Gas 267

Fig. 1 The impact parameter A 0}
corresponding with a collision

with incoming direction w or

equivalently with outgoing

direction o’

Fig. 2 The transfer map

For (x,w) € (Z, x SH U rru F?, let 7, (x, w) be the exit time defined as
T (x,w)=inf{t >0 |x+twedZ,}. 2.4)
Also, for (x, w) € I';7 UT?, define the impact parameter %, (x, ) as on Fig. 1, by
hy (x, ) =sin(@, ny). 2.5)

Denote by (I';} UT'?)/Z? the quotient of ;" U T'? under the action of Z? by translations
on the x variable. Obviously, the map

(CFUrY/2? 5 (x, w) > (hy(x,0), 0) € [—1,1] x S (2.6)

coordinatizes (' U I‘?) /2?, and we henceforth denote by Y, its inverse. For r €10, %[, we
define the transfer map (see Fig. 2)

T,:[-1,11xS" - R x[-1,1]
by

T, (', w) = Qrr, (Y, (', ), hy (X;, ) (1, (Y, (h, 0)) £ 0; Y, (', ). 2.7
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268 E. Caglioti, F. Golse

Up to translations by a vector of Z?, the transfer map 7, is essentially the sought trans-
formation, since one has

T.(hy (xj, wj), wj) = 2rr,.(xj, w;), hy(xj11,w;)), foreach j >0, (2.8)

and
wjy1 = R[r —2arcsin(h, (xj41, w;))]w;, foreach j >0. (2.9)
The notation
R[] designates the rotation of an angle 6. (2.10)

Notice that, by definition,
(X1, ;) =R (X1, @jy1).

The theorem below giving the limiting behavior of the map 7, as r — 0™ was announced
in [7].

Theorem 2.1 For each ® € C.(R x [—1,1]) and each h’ € [-1,1]

1
[In€¢|

1/4 dr o pl
/ <I>(T,(h/,a)))7 _)/0 / D(S,h)P(S, h|h")dSdh (2.11)
€ -1

a.e. in w e S' as € — 0%, where the transition probability P (S, h|h')dSdh is given by the
formula

P(S,hlh) =

Y ((Sn)/\(l =S+ +mS—[1=S8D,

1 1 1 1
+(<S—§Sﬂ)/\(l+isn>—<ES+§S§)\/1>+
S 1S 1 1S 1S Vi1 1S 2.12
“((s=gon)r=(3%) (1=30)) ) em

1 1
:—h h,, :—h_h/,
¢=zlh+h] n=7l |

with the notation

and
a Ab=inf(a,b), aV b=sup(a,b).
Equivalently, for each (S,h,h’) € Ry x1— 1, 1[x] = 1, 1[ such that |h'| < h,

P(S, h|h) = % <1 A ﬁ <§ - +h’)> ) . (2.13)
+

The formula (2.12) implies the following properties of the function P.

Corollary 2.2 (Properties of the Transition Probability P (S, h|h")) The function (S, h, h') —
P(S, h|l') is piecewise continuous on R, x [—1,1] x [—1, 1].
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(1) It satisfies the symmetries
P(S,hlh') = P(S,h'|h) = P(S, —h| —h")
forae h,h €[—1,1]and S >0, (2.14)

as well as the identities

fooofll P(S,h|W)dSdh =1, foreachh’ €[—1,1], 2.15)

fooof_ll P(S,h|hW)dSdh =1, foreachhe[—1,1].

(2) The transition probability P (S, h|h') satisfies the bounds
, 6
OfP(S,h|h)§n—2S11+h,<% (2.16)
fora.e. h,h' €] — 1, 1] such that |h'| < h and all S > 4. Moreover, one has
bt 48
/ / P(S, h|h)dhdh' < , S>4. 2.17)
—1J-1 7283

As we shall see below, the family 7, (h’, w) is wildly oscillating in both 4" and w as
r — 07, so that it is somewhat natural to expect that 7, converges only in the weakest
imaginable sense.

The above result with the explicit formula (2.12) was announced in [7]. At the same
time, V.A. Bykovskii and A.V. Ustinov! arrived independently at formula (2.13) in [5]. That
formulas (2.12) and (2.13) are equivalent is proved in Sect. 6.2 below.

The existence of the limit (2.11) for the periodic Lorentz gas in any space dimension has
been obtained by J. Marklof and A. Strémbergsson in [18], by a method completely different
from the one used in the work of V.A. Bykovskii and A.V. Ustinov or ours. However, at the
time of this writing, their analysis does not seem to lead to an explicit formula for P (s, h|h")
such as (2.12)—(2.13) in space dimension higher than 2.

Notice that J. Marklof and A. Strémbergsson as well as V.A. Bykovskii and A.V. Usti-
nov obtain the limit (2.11) in the weak-* L™ topology as regards the variable w, without
the Cesaro average over r, whereas our result, being based on Birkhoff’s ergodic theorem,
involves the Cesaro average in the obstacle radius, but leads to a pointwise limit a.e. in .

In space dimension 2, [20] extends the explicit formula (2.12)—(2.13) to the case of inter-
actions more general than hard-sphere collisions given in terms of their scattering map. The
explicit formula proposed by Marklof-Strombergsson in [20] for the transition probability
follows from their formula (4.14) in [18], and was obtained independently from our result
in [7].

Another object of potential interest when considering the Boltzmann-Grad limit for the
2-dimensional periodic Lorentz gas is the probability of transition on impact parameters
corresponding with successive collisions, which is essentially the Boltzmann-Grad limit of
the billiard map in the sense of Young measures. Obviously, the probability of observing an
impact parameter in some infinitesimal interval dh around & for a particle whose previous
collision occurred with an impact parameter 4’ is

[I(h|h) = /00 P(S,h|h")dS.
0

IWe are grateful to J. Marklof for informing us of their work in August 2009.
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270 E. Caglioti, F. Golse

Explicit Formula for TI(h|h') For |h'| < h < 1, one has

6 1 1+h
(k) = — In—"

L P 2.18
h—t Ttk (2.18)

Besides, the transition probability IT(h|h’) satisfies the symmetries inherited from
P(S,h|h):

M(h|h'y=TI(W' |h) = TI(—=h| — k") forae. h,h' €[-1,1]. (2.19)
2.2 3-Obstacle Configurations

Before analyzing the dynamics of the Lorentz gas in the Boltzmann-Grad limit, let us de-
scribe the key ideas used in our proof of Theorem 2.1.

We begin with an observation which greatly reduces the complexity of billiard dynamics
for a periodic system of obstacles centered at the vertices of the lattice Z2, in the small
obstacle radius limit. This observation is another form of a famous statement about rotations
of an irrational angle on the unit circle, known as “the three-length (or three-gap) theorem”,
conjectured by Steinhaus and proved by V.T. S6s [22]—see also [24].

Assume o € S! has components !, »” independent over Q. Particle trajectories leaving,
say, the surface of the obstacle centered at the origin in the direction @ will next collide with
one of at most three, and generically three other obstacles.

Lemma 2.3 (Blank-Krikorian [1], Caglioti-Golse [6]) Let 0 <r < %, and w € S' be such

that 0 < @* < o' and w*/w" ¢ Q. Then, there exists (q, p) and (, p) in Z* such that
0<g<gq, gqp—gp=oeci£l}
satisfying the following property:
x+t(x,ww||x|=rand x -w >0}
CdD((g, p),r)VUID((q,p),r)UdD(g +q,p+p)r),
where D(xo, r) designates the disk of radius r centered at x.

The lemma above is one of the key argument in our analysis.

To go further, we need a convenient set of parameters in order to handle all these 3-
obstacle configurations as the direction w runs through S'.

Fopr w as in Lemma 2.3, the sets

(x+tol|lxl=r, x>0, x+1,.(x,w)0 € dD((q, p),r), t R}

and
x+tollxl=r x-0>0, x+1.(x,0)0 € ID((q, p),7), t €R}

are closed strips, whose widths are denoted respectively by a and b. The following quantities
are somewhat easier to handle:

A=—, B=— (2.20)
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Boltzmann-Grad Limit for Periodic Lorentz Gas 271

Q/e Q'/e Q/e

Fig. 3 Example of a 3-obstacle configurations, and the parameters A, B, Q and Q. Here € = 2r/w
(see Fig. 3 for the geometric interpretation of A, B, Q, 0) and we shall henceforth denote
them by

Q(w,r), O(w,r), A(w, r), B(w,r), together with o (w,r) (2.21)

whenever we need to keep track of the dependence of these quantities upon the direction w
and obstacle radius r—we recall that

o(w,r)=qp— pq € {x1}.

Lemma 24 Let 0 <r < 1, and w € S' be such that 0 < »* < ' and &*/w' ¢ Q. Then,
one has

0<A(w,r), Blw,r), A(w,r)+ B(w,r) <1,

0< Qw,r) < Q(Q,7), (222
and
(@, r)(1 = A(@.r)+ Q(w,r)(1 — B(w,r)) = 1.
This last equality entails the bound
0<Qw.r) < ! (2.23)

<1
2—A(w,r) — B(w,r) —

Therefore, each possible 3-obstacle configuration corresponding with the direction w
and the obstacle radius r is completely determined by the parameters (A, B, Q,0)(w,r) €
[0, 1713 x {£1}.

The proof of Theorem 2.1 is based on the two following ingredients.

The first is an asymptotic, explicit formula for the transfer map 7, in terms of the para-
meters A, B, Q, o defined above.
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272 E. Caglioti, F. Golse

Proposition 2.5 Let0 <r < %, and w € S' be such that 0 < ©* < o' and ©* /' ¢ Q. Then,

for each h' € [—1, 1] and each r €]0, %[, one has

Tr (h,’ w) = TA(w,r),B(w.r),Q(wA,r),a(w,r)(h/) + (O(rz)v 0)7

in the limit as r — 0%. In the formula above, the map T p o, is defined for each
(A,B, Q,0) €[0,1]® x {£1} in the following manner:
Tasoosh)=(Q, N —20(1—-A)) ifoh’e[l—-2A,1],
Tap.000)=(0.h"+20(1—B)) ifoh €[-1,—1+2B], (2.24)
Tap.000)=(0+ Q.h'+20(A—B)) otherwise.

For w = (cos#, sinf) with arbitrary 6 € R, the map h' +— T, (h’, w) is computed using
Proposition 2.5 by using the symmetries in the periodic configuration of obstacles as follows.
Set§ =6 — m% with m = [%(9 + )] (where [z] is the integer part of z), and let & =
(cos@,sind). Then

T,(h',w) = (s,h), where (s, sign(tan@)h) = T, (sign(tan0)’, &). (2.25)

The second ingredient in our proof of Theorem 2.1 is an explicit formula for the limit
of the distribution of w — (A, B, Q,0)(w, r) as r — 07 in the sense of Cesaro on the first
octant S} of S'.

Proposition 2.6 Let F be any bounded and piecewise continuous function defined on the
compact K = [0, 11¥ x {£1}. Then

1
[In€|

174 dr
/ F(A(w,r), B(w,r), Q(w,r),a(w,r))T

— / F(A,B,Q,0)du(A, B, Q,0) (2.26)
K

ae. inwe Sl+ as € — 0T, where  is the probability measure on K given by

dAdBdQ

6
d/,L(A, B, Qs U) = P10<A<110<B<1_A10<Q<27/{73 ﬁ(aazl + 8o=—1)- (227)

This result is perhaps more transparent when stated in terms of the new parameters

A,B = %, 0, o instead of the original A, B, Q, 0: an elementary change of variables

in the integral on the right hand side of (2.26) shows that

/ F(A,B,Q,0)du(A, B, Q,0)
K

=/ F(A,(1— A)B', 0.0)di'(A, B', 0. ),
K

where

du'(A, B, 0,0)
6
= _210<A<110<B’<110<Q< 1 dAdB/dQ(éa:I +86——1).
b

1+(1—A)(1—-B")
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In other words, the new parameters A, B, Q and ¢ are uniformly distributed over the max-
imal domain compatible with the bounds (2.22) and (2.23).

The first part of Theorem 2.1 follows from combining the two propositions above; in
particular, for each i’ € [—1, 1], the transition probability P (S, h|h")dSdh is obtained as
the image of the probability measure p in (2.27) under the transformation (A, B, Q,0)
Tu 5 oo).

2.3 The Limiting Dynamics

With the parametrization of all 3-obstacle configurations given above, we return to the prob-
lem of describing the Boltzmann-Grad limit of the Lorentz gas dynamics.

Let (x,w) € Z, x S', and let the sequence of collision times (tj)j>0, collision points
(x;)j>0 and post-collision velocities (w;) ;>0 be defined as in (2.1) and (2.2). The particle
trajectory starting from x in the direction w at time # = 0 is obviously completely defined
by these sequences.

As suggested above, the sequences (#;) =0, (xj)j>0 and (w;);>o can be reconstructed
with the transfer map, as follows.

Set

tO = ‘Cr(wi)v

Xg =x+7,(x, ®)w,

(2.28)
ho = h.(xo, ®),
wy = R[m — 2arcsin(hy)|w.
We then define the sequences (¢;) j>0, (x;) j>o inductively, in the following manner:
@2sjy1,hjp1) =T (hj, w)),
i1 =1+ OISR
(2.29)

Xj1l = Xj o 28j410j,
wjy1 = R[mr —2arcsin(hj;1)]w;,

for each j > 0.
If the sequence of 3-obstacle configuration parameters

b, =((A, B, Q,0)(®;,r)) =0

converges (in some sense to be explained below) as r — 0T to a sequence of independent
random variables (b;);>o with values in K, then the dynamics of the periodic Lorentz gas
in the Boltzmann-Grad limit can be described in terms of the discrete time Markov process
defined as

(Sj+1. Hjs1) =Ty, (Hy), j=0.
Denote Z;;; = R?> x S' x Ry x [—1,1] x K"*! for each j > 0. The asymptotic in-

dependence above can be formulated as follows: there exists a probability measure P, on
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274 E. Caglioti, F. Golse

R, x [—1, 1] such that, foreach j >0and ¥ € C(Z,,),

. X X0
lim VYl lx,org|l— o) h|— o] bg....b), |dxdow
=0+ J, 7, xs1 r r

= / V(x, o, 7,h,bo, ..., by)dxdwd Py(t, h)du(bo) ....du(by,), (H)
Zpt1

where u is the measure defined in (2.27).
This scenario for the limiting dynamics is confirmed by the following

Theorem 2.7 Let " be any continuous, compactly supported probability density on
R? x S'. Denoting by R[0] the rotation of an angle 0, let F = F(t,x,w, s, h) be the so-
lution of

(0 +w-Vy—0)F(t,x,0,5,h)
= [ 2P@s, hIh)F (1, x, RIO(K)|w, 0, k)dI, (2.30)
FO,x,0,5,h) = f"(x,0) [y [, P(z, hll)d dr,

where (x,w, s, h) runs through R* x S' x R* x| — 1, 1[, and 6 (h) = 7 — 2arcsin(h).
Then the family (f,)0<r<% defined in (1.4) satisfies

oo prl
fr— / / F(,-, - s,h)dsdh in LR, x R? x S') weak-% (2.31)
0 J-1

asr — 0t.

Let us conclude this presentation of our main results with a few remarks.

Equations (2.30)—(2.31) was proposed first in [7], under some additional decorrelation
assumption left unverified—specifically, assuming (H). Then, Marklof-Strombergsson pro-
vided a complete, rigorous derivation of that same equation in [19], without any additional
assumption, thereby establishing the theorem above.

The main novelty in this description of the Boltzmann-Grad limit of the periodic Lorentz
gas is the fact that it involves a Markov process in the extended phase space R? x S! x
R, x [—1, 1]. In addition to the space and velocity variables x and w that are usual in
the classical kinetic theory of gases, this extended phase space involves two extra variables:
i.e. s, the (scaled) time to the next collision and /4, the impact parameter at that next collision,
as additional coordinates describing the state of the moving point particle. To the best of
our knowledge, the idea of using this extended phase space (and particularly the additional
variables s and /) appeared for the first time in our announcements [7, 13].

3 Main Results II: Dynamical Properties of the Limiting Equation

The present section establishes some fundamental mathematical properties of (2.30). For
simplicity, we henceforth restrict our attention to the case where the space variable x varies
in the flat 2-torus T? = R?/Z2.
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Boltzmann-Grad Limit for Periodic Lorentz Gas 275

3.1 Equilibrium States
As is well-known, in the kinetic theory of gases, the equilibrium states are the uniform
Maxwellian distributions. They are characterized as the only distribution functions that are

independent of the space variable and for which the collision integral vanishes identically.
In (2.30), the analogue of the Boltzmann collision integral is the quantity

1
/ 2P(2s,h|W)YF(t,x, RIO(W)w,0, h)dh + 3, F (¢, x, w, s, h).
-1

On the other hand, the variables (s, #) play in (2.30) the same role as the velocity variable
in classical kinetic theory.

Therefore, the equilibrium distributions analogous to Maxwellians in the kinetic theory
of gases are the nonnegative measurable functions F = F' (s, 1) such that

1
—osF (s, h) =/ 2P(2s, h|W)YF(0,h")dh', s>0, =1 <h<1.
-1
Theorem 3.1 Define

+oo 1
E(s, h) ::/ / P(t,h|h)dh dr.
2s —1

(1) Then
EO,h=1, —-1<h<l

+00 1 +00 1 1 1
/ / E(s,h)dhds :/ / / ESP(S’ h\hYdhdh'dS = 1.
0 -1 0 —1J-1

(2) Let F = F(s, h) be a bounded, nonnegative measurable function on Ry x [—1, 1] such
that s — F (s, h) is continuous on R fora.e. h € [—1, 1] and

and

—0,F(s,h) = [' 2P(2s, kW) F(O,h)dh', s>0, =1 <h<1,
limy_, o0 F (s, ) = 0.

Then there exists C > 0 such that
F(s,h)=CE(s,h), s>0, -1<h<].

(3) Define?

0 = 1im 1E0) € Z010.1P) x 81271, (v,0) > 1)
piy= 1% 1(Z, N[0, 17%) x S| '
Then

1
/E(s,h)dh:—Zp’(Zs), s >0,
-1

2The existence of this limit, and an explicit formula for p are obtained in [2].
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and

1
1
/ E(s,h)dh ~ as s — +0o.
_1 252

Notice that the class of physically admissible initial data for our limiting equation (2.30)
consists of densities of the form

F"(x,w,s,h) = f"(x,w)E(s, h)

—see Theorem 2.7. In other words, physically admissible initial data are “local equilibrium
densities”, i.e. equilibrium densities in (s, #) modulated in the variables (x, w).

Before going further, we need some basic facts about the evolution semigroup defined
by the Cauchy problem (2.30). The existence and uniqueness of a solution of the Cauchy
problem (2.30) presents little difficulty. It is written in the form

F(tv's'v'):KtFins 5207

where (K;);>¢ is a strongly continuous linear contraction semigroup on the Banach space
L'(T? x S' x R, x [—1, 1]). It satisfies in particular the following properties:

(1) if F*>0a.e.onT? x S' x R, x [—1, 1], then, for each ¢ > 0, one has K, F" >0 a.e.
onT? x 8! x R, x [—1,1];

(2) foreacht >0, one has K, E = E;

() if F" < CE (resp. F" > CE)a.e.on T?> xS x R, x [—1, 1] for some constant C, then,
foreacht > 0,one has K, F”" < CE (resp. K, F"" > CE)a.e.on T> xS' x Ry x[—1, 1];

(4) foreach F" € L'(T? x 8! x Ry x [—1, 1]) and each ¢ > 0, one has

/ / / / K, F"dxdwdsdh = / / / / F"dxdwdsdh;
T2 xS xRy x[—1,1] T2xS! xRy x[—1,1]

(5) if Fi* e C(T? x S' x Ry x [—1, 1]) is continuously differentiable with respect to x and
s,ie. V., F" and 9, F" € C(T? x 8! x R, x [—1, 1]), then, for each ¢ > 0, one has
K,F",3,K,F",V.K,F"" and 3,K,F'" € C(T2 x S x R, x [—1, 1]), and the function
(t,x,0,5,h) > K,F"(x,,s,h) is a classical solution of (2.30) on R* x T? x S§' x
R: x [—1,1].

All these properties follow from straightforward semigroup arguments once (2.30) is
established. Otherwise, the semigroup (K)o is constructed together with the underlying
Markov process in Sect. 6 of [19]—see in particular Propositions 6.2 and 6.3, formula (6.16)
and Theorem 6.4 there.

3.2 Instability of Modulated Equilibrium States

A well-known feature of the kinetic theory for monatomic gases is that generically, local
equilibrium distribution functions—i.e. distribution functions that are Maxwellian in the
velocity variable and whose pressure, bulk velocity and temperature may depend on the time
and space variables—are solutions of the Boltzmann equation if and only if they are uniform
equilibrium distribution functions—i.e. independent of the time and space variables. In other
words, the class of local Maxwellian states is generically unstable under the dynamics of the
Boltzmann equation. An obvious consequence of this observation is that rarefied gas flows
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are generically too complex to be described by only the macroscopic fields used in classical
gas dynamics—i.e. by local Maxwellian distribution functions parametrized by a pressure,
temperature and velocity field.

Equation (2.30) governing the Boltzmann-Grad limit of the periodic Lorentz gas satisfies
the following, analogous property.

Theorem 3.2 Let F be a solution of (2.30) of the form
F(t,x,w,8,h) = f(t,x,w)E(s,h), with f e C'(I xT? xS,
where I is any interval of R, with nonempty interior. Then f is a constant.

Thus, the complexity of (2.30) posed in the extended phase space T> x S' x Ry x [—1, 1]
cannot be reduced by postulating that the solution is a local equilibrium, whose additional
variables s and & can be averaged out.

As in the case of the classical kinetic theory of gases, this observation is important in the
discussion of the long time limit of solutions of (2.30).

3.3 H Theorem and a priori Estimates

In this section, we propose a formal derivation of a class of a priori estimates that includes
an analogue of Boltzmann’s H Theorem in the kinetic theory of gases.
Let h be a convex C! function defined on R, ; consider the relative entropy

e = [ (h(f) —h(1) —~W()(f - 1)
T2xS! xRy x[—1,1]
X (t,x,w,s, h)E(s, h)ydxdwdsdh.

The most classical instance of such a relative entropy corresponds with the choice h(z) =
zInz: in that case h(1) = 0 while h/(1) = 1, so that

H....(fE|E) = /// (fInf—f4+1) (¢, x,w,s,h)E(s, h)dxdwdsdh.
T2xS! xRy x[—1,1]
Theorem 3.3 Let F = F(t,x,w, s, h) in Cl(RJr x T2 x S! x R, x [—1, 1]) be such that

0<F(t,x,w,s,h) <CE(s,h), (t,x,w,5,h)eR. xT? xS xR, x[—1,1],

and
1
O+ -Vy=03)F(t,x,w,s,h) :/ 2P(2s, h|W)F(t,x, R[O(h)]w, 0, h")dH',
—1

with the notations of Theorem 2.7. Then Hy(F|E) € C'(R.) and

iHh(F|E) +/ Dw(F/E)(t, x)dx =0,
dt T2
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where the entropy dissipation rate Dy is given by the formula

Dn(f)(z,x)

:/f// 2P(2s, h|h)
SIxR4 x[—1,1]x[-1,1]

X (h(f(t, x, R[O(W)]w,0,1")) —h(f(, x,w,s,h))
—W(f@, x, 0,5 h)(fE x, RIO(W))]w,0,h) — f(t, x,0,s, h)))da)dsdhdh/.

Integrating the equality above over [0, ¢], one has

Hh(FIE)(t)-I—/ /2 Dy(F/E)(z, x)dxdt = Hp(F|E)(0)
0 JT

for each ¢ > 0. Since h is convex, one has
Hy(F|E)>0 and Dn(F/E) >0,
and the equality above entails the a priori estimates

{o < Hy(F|E)(1) < Hy(F|E)(0),
o " Jr2 Da(F/E)(t, x)dxdt < Hy(F|E)(0).

That Hn(F|E) is a nonincreasing function of time is a general property of Markov
processes; see for instance Yosida [25] on p. 392.

3.4 Long Time Limit

As an application of the analogue of Boltzmann’s H Theorem presented in the previous
section, we investigate the asymptotic behavior of solutions of (2.30) in the limit as t —
+00.

Theorem 3.4 Let fi" = f"(x,w) € L¥(T? x SY) satisfy f"(x,w) =0 a.e. in (x,w) €
T2 x 8'. Let F be the solution of the Cauchy problem (2.30). Then

F@,- - )—~CE

in L®(T? x S' x Ry x [—1, 1]) weak-*, with

1 .
C=— // [ (x, w)dxdw.
2 T2 % S!

3.5 Speed of Approach to Equilibrium

The convergence to equilibrium in the long time limit established in the previous section may
seem rather unsatisfying. Indeed, in most cases, solutions of linear kinetic models converge
to equilibrium in a strong L? topology, and often satisfy some exponential decay estimate.

While the convergence result in Theorem 3.4 might conceivably be improved, the fol-
lowing result rules out the possibility of a return to equilibrium at exponential speed in the
strong L? sense.
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Theorem 3.5 There does not exist any function ® = O (t) satisfying
) =0G3?) ast— +oo

such that, for each f'" € L>*(T? x S"), the solution F of the Cauchy problem (2.30) satisfies
the bound

”F(tv S) = <fm)E||L2(T2><Sl><R+><[—l,1])
SOMIFO, -5+, Il r2r2xs! xRy x[—1.1) 3.1

for each t > 0, with the notation

(@) = L // o (x, w)dxdw
2 J Jr2xs!
for each ¢ € L'(T? x S").

By the same argument as in the proof of Theorem 3.5, one can establish a similar result
for initial data in L?(T? x S'), with the L? norm replaced with the L? norm in (3.1), for all
p €11, co[; in that case ®(¢) = o(t~?P~D/P) is excluded.

The case p = 2 discussed in the theorem excludes the possibility of a spectral gap for
the generator of the semigroup K, associated with (2.30)—that is to say, for the unbounded
operator A on L2(T? x 8! x Ry x [—1, 1]) defined by

1

Af(x,w,5,h)=(w-Vy —03) f(x,w,s,h) — / 2P(2s,h|h") f (x, RIO(W)]w, 0, h)dh,
1

with domain

DA ={f e LX(T* xS' xRy x[—1,1]) | (w-V, — 8,) f € L2(T?* x 8! x R, x [—1, 1])}.

4 An Ergodic Theorem with Continued Fractions
4.1 Continued Fractions

Let @ € (0, 1) \ Q; its continued fraction expansion is denoted

1
a=[0;a1,a,0a3,.. ] = ———F. 4.1)
a; + 1
a2+r13+...
Consider the Gauss map
1 1
T:0,HD\Qox—>—-——[—-1€@0,DHe@©, DH\Q. 4.2)
X X
The positive integers ay, a,, as, . .. are expressed in terms of « as
! d : >1 4.3)
=|—1|, an ==, > 1. .
a) o a T”_lol n
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The action of T on « is most easily read on its continued fraction expansion:
T[0;ay,az,a3,...1=[0;a2,a3, a4, ...]. 4.4)

We further define two sequences of integers (p,),>0 and (g,).>o by the following induction
procedure:

Pntl = anPn + D1, po=1, p1=0,

4.5)
Gn+1 = anqn +qn-1, qo=0, q=1.

The sequence of rationals (;’—”),,>| converges to « as n — 00. Rather than the usual distance
2 n=
|Z—" — «|, it is more convenient to consider
n

dy = |gua — pul = (=1)""(qua — pn), n=0. (4.6)
Obviously
dpiy = —a,d, +d,—, dy=1, d=a. 4.7
We shall use the notation
an(@),  pa(@), gu(@), dp(a),
whenever we need to keep track of the dependence of those quantities upon «. For each

a € (0, 1)\ Q, one has the relation a, (T ) = a,+1(«), which follows from (4.4) and implies
in turn that ad, (T o) = d,+1 (o), for each integer n > 0, by (4.7). Therefore,

n—1
d, (o) = ]_[ T*a, n>0. (4.8)
k=0

While a, (o) and d, () are easily expressed in terms of the sequence (T*a) k>0, the analo-
gous expression for ¢, () is somewhat more involved. With (4.5) and (4.7), one proves by
induction that

gn(@)dyi1(@) + g1 (@)dy (@) =1, n=0. 4.9)
Hence
1 dn+l(a)dn (Ol)
qn+1 (a)dn (Ol) =1 dn (Ol)dn,] (Ol) Qn(a)dnfl (Ol),

so that, by a straightforward induction

n

Gni1 (@ dy (@) =Y (=1)"

Jj=0

b @dn(@) (4.10)
djyi(a)d;(a)

Replacing (di(0))o<k<n+1 by its expression (4.8) leads to an expression of ¢4+ («) in terms
of T*a for0 < k <n.
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4.2 The Ergodic Theorem

We recall that the Borel probability measure dG(x) = ln2 ﬁfr on (0, 1) is invariant under

the Gauss map T, and that T is ergodic for the measure dG (x) (see for instance [16]), and
even strongly mixing (see [21]).
Foreach @ € (0, 1) \ Q and € € (0, 1], define

N(a, €) = inf{n > 0| d, () <e€}. @.11)

Lemma 4.1 Fora.e. a € (0, 1), one has

12In2 1 N
In-, e—>0".
72 €

N(a,€)~

See [6] (where it is stated as Lemma 3.1) for a proof.
We further define

d
Su(a, €)= , n>0, (4.12)
€
foreach @ € (0, 1) \ Q and € € (0, 1].

Theorem 4.2 For m >0, let f be a bounded measurable function on (R.)"*'; then there
exists L,,(f) € R independent of a such that

d
In(1/1 )/ FOn@a (@), dnao-1(@). 8N<a,e>fm<a>>f — L(f)

and

de
ln(l/n)/ (=N £ Sy e (@), . (SN(a,e)—m(Ol))? -0
fora.e ac(0,1)asn— 0",

Proof The proof of the first limit is as in [6], and we just sketch it. Write

! de
f f(sN(a,e) (Ol), 8N(a,e)7l (a), ey SN(a,e)fm (O{))?
n
N@O=1 rdy 1@

de
Z f F Bnwo (@), N1 (@), - Sxaer-m (@) —

dn ()

AN (a,e)—1(e) de
+/ FOn@e (@), dn@e—-1(@), ..., On@e)—m (Ol))?~
n

Whenever d, (o) <€ <d,_1(«), one has N («, €) = n so that, for a.e. « € (0, 1),

! de
/ S On@e (@), Sn@e—1(a), ..., On(ae)—m (Ol))?
1

N (a,m)—1

h—1(a) dé
= Z / fGu(@), 8p-1(a), ..., 8pm(@))— + O(D).
dp (o) €

n=1
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Substituting p = % in each integral on the right hand side of the identity above, one has,

€
forn>m>1

dy—1 () dG
/ S @Bn(@), $p—1(a), ..., 8p—m(@))—
d, €

(@)

dy(a)/dp—1 (@) Ty’ 5 l_[lel Trn—m+k—1q 0
=F,1(T" "a),
with the notation
1
P p dp
Fm_ = ) ) T —_—
(@) /;mflaf</0 Toig - Tka> ;

Thus, for a.e. a € (0, 1),

1
In(1/m)

! de
/ f(aN(a,e)(a)s (SN(a,e)fI (a)v ey SN(a,s)fm (0[)) ?
n

1 N(a,m)—1

n—m 1
“nam 2 T "‘”O(ln(l/n))'

We deduce from Birkhoff’s ergodic theorem and Lemma 4.1 that

LS - 121n2 (!
In(1/n) Z Ena (T 0) = Ln(f) i= —5 /(;mel(x)dG(x)

=m

for a.e. o € (0, 1) as n — 0", which establishes the first statement in the Theorem.

The proof of the second statement is fairly similar. We start from the identity

1 de
/ (=D £ Sy (@), Sn@er—1(@), .., SN@e—m (Ol))?
1

N(.m-1 dp—1 (@)

; (1" /d

n (o)

d
J@u(@), 8y (), ..., 6n—m(a))?6 +0()

N (a,m)—1

> (=D'Fui (T ") + O(1).

n=m

Writing

N(a,n)—1

> (=)' Fu (T ")

n=m

= > (R = By (T ) + 0D
m[2<k<(N(a,m)—1)/2
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we deduce from Birkhoff’s ergodic theorem (applied to 72, which is ergodic since T is
mixing, instead of T') and Lemma 4.1 that, for a.e. o € (0, 1) and in the limit as n — 0%,

1
In(1/n) > (Fuot (T ") = Fpyy (TP 7))
e m/2<k<(N(a,n)—1)/2

121
b4

n2 !
3 f (Fn-1(x) = F,21(Tx))dG(x) =0
0

since the measure d G is invariant under 7.
This entails the second statement in the theorem. O

4.3 Application to 3-Obstacle Configurations

Consider @ € S! such that 0 < w, < w; and w,/w; ¢ Q, and let r € (0, %).

The parameters (A(w, r), B(w,r), Q(w,r),o(w, r)) defining the 3-obstacle configura-
tion associated with the direction @ and the obstacle radius r are expressed in terms of the
continued fraction expansion of w,/w; in the following manner.

Proposition 4.3 For each w € S' such that 0 < w, < w, and w,/w; ¢ Q, and each r € (0, %)
one has

Ay (a,e
Aw.r) =1 - Weo@
d o,€)— _d oa,€)— d o€
Bw.r) =1 — W@o 1(@) _|:€ o) 1(06)] N(,)(Ol)’
€ dN(a,e)(Ol) €

Q(wa I’) = €qN(a,e)»

o(w,r) = (=HN@

where

By the definition of N (o, €), one has
0=<A(w,r), Bw,r), Q(w,r) < 1.

This is Proposition 2.2 on p. 205 in [6]; see also Blank-Krikorian [1] on p. 726.
Our main result in this section is

Theorem 4.4 Let K = [0, 11° x {£1}. For each F € C(K), there exists L(F) € R such that

1
In(1/n)

12 dr
/ F(A(w,7r), B(w,71), Q(w,r),a(w,r))T — L(F)
n

fora.e. w €S' such that 0 < w; < wy, in the limit as n — 0%,

Proof First, observe that

F(A,B,Q,0)=F,(A,B,Q)+0F_(A,B, Q)
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with
1
F+(A,B, Q) =7 (F(A.B, Q. +1) £ F(4, B, 0. -1)).
By Proposition 4.3, one has

F:t(A(ws r)’ B(wvr)! Q((,(), r))

I = dn@,e)-1(a)
=F 1-6 o€ ((){),1—8 o,€)— (a)_[i’ 8 € (Ol)7
i( N(a,€) N(a,e)—1 SN(a,e)(Ol) N(a,€)
: d (@) ( ))
X —— a,€)— o)q o,€ o .
SN (ae)—1(@) Mo e
For each m > 0, we define
.fm,i(an"'aamefl)
1-6 1 al )
::Fi(l-sN,l-le-[ Baly Loy T)
N N=l o oyt 701
Observe that
1
aTa < 3 foreach @ € (0, 1)\ Q,
so that, whenever n > m + 1,

. dy(@)dy—1 (@)

gn(a)d, (@) — (- ="

1 j:nzm d;(@)d; 1 (@)

n—1
dll dll —
(@)d,—1 (@) l—[ Tha . Tl < 2-m=1.

n m— l(a)dn —m— 2(0[) -

k=n—m-—1

Likewise, whenevern >m + 1l andn > 1+ 1,

Z( 1)" jd (O[)dn 1(0[) _ Z (—l)n jdn(a)dn l(a)

< —minlm) —(4.14)
dj(e)d;_ (@) di(e)d;_(a) | ~

Jj=n—I j=n—m

Since Sy (q,e)—1(c) > 1 by definition of N («, €), one has

[ fin £ ON@,e)(@)s -y IN@e)—m—1(0)) = f1.£(ON@e) (@), .., SN@e—1-1(a))]
< pe(27mNmD), (4.15)

where p. is a modulus of continuity for F. on the compact [0, 1]°.
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The inequality (4.14) implies that

1 i dr
m/n Fi(A(w,r),B(a),r),Q(a),r))T

1 1/2w de
- St @ (@) -y Sn@ey-m—1(a)) —
In(1/40) Loy, ( ¢
<ps27"7h (4.16)
upon setting o = w»/w;. Moreover, by Theorem 4.2, for each n, > 0

1 s 5 5 de .
m [r; fm,+( N(a,e) (05), ey N(me)—m—l(a))? N Vn+l(fm,+),
4.17)

/ ( 1)N(a€)f (CSN ((x) 8 I(a))d_é—>0
111('7*/ ) m,~(ON(e.€) N(a.e)—m— €

ae. ina € (0, 1) as n — 0T, and the inequality (4.15) implies that
| L1 (fnt) = L (i )] < pe@7™0), 1m > 0.

In other words, (L+1(fm.+))m=0 is a Cauchy sequence. Therefore, there exists L € R such
that

Lyti1(fin+)— L asn— oo. (4.18)
Putting together (4.16), (4.17) and (4.18), we first obtain
L1 (fu) —2pQ27"7h

. 1 1/4 dr
Eﬂli_féler/n F+(A(w,r),B(a),r),Q(a),r))T

1 dr
Snllf(r)ler/,; F+(A(CL),}"),B((L),I‘), Q(wvr))T
=< Lm+l(flm+) + 2p(2—m—1)’

and

—2p@27"" 1) < 1i /1/4U(a),r)F_(A(w,r), B(w,r), Q(a),r))d—r
,7_)0+ 1n(1/477) r

_ 1/4 dr
< nl—lf(r)l* M/n o(w,r)F_(A(w,r), B(w,r), Q(w, r))T

<2p2™"h.
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Letting m — oo in the above inequalities, we finally obtain that

1 B dr
M/n Fi(A(w, 1), B(w,T1), Q(w’r))T L

1/4

! dr
M/,, o(@.NF-(A@,r), B@,r), Q.r)—=—0

ae.inweS! with 0 < wy < as n — 07. d

Amplification of Theorem 4.4 The proof given above shows that
L(F)=L(Fy)

for each F € C(K).

5 Computation of the Asymptotic Distribution of 3-Obstacle Configurations: a Proof
of Proposition 2.6

Having established the existence of the limit £(F) in Theorem 4.4, we seek an explicit
formula for it.
It would be most impractical to first compute L, ( fin,+)—With the notation of the proof
of Theorem 4.4—Dby its definition in formula (4.13), and then to pass to the limit as m — oo.
We shall instead use a different method based on Farey fractions and the asymptotic
theory of Kloosterman’s sums as in [2].

5.1 3-Obstacle Configurations and Farey Fractions

For each integer Q > 1, consider the set of Farey fractions of order < Q:
. p
Fo:i= {5 ’ 1<p=<qg=<Q gcd (p,g)= 1}-

Ify= g <y’ = 5—: are two consecutive elements of Fg, then
qg+q >Q, and p'q—pq =1.
For each interval 1 C [0, 1], we denote
Foll)=1NF,.

The following lemma provides a (partial) dictionary between Farey and continued frac-
tions.

Lemma 5.1 Foreach 0 <e <1, set Q=[1/¢€]. Let 0 < o < 1 be irrational, and let y = f]—’

and y' = % be the two consecutive Farey fractions in Fg such thaty <o < y'. Then
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@) lf”<oz< 7 —< then

dNweo(@) =q and dyge(a) =qgo — p;

:
(i) if 77° <a < P75, then

dN@.e) (@) = min(g, C]/)

while

dyvee (@) =qga—pifg<q', and dywe(@)=p —q'aifq <gq:

(ifi) if 2 <o < g— then
v @) =q" and dyeeo(a)=p —q'a.

Sketch of the proof According to Dirichlet’s lemma for each integer Q > 1, there exists an

integer ¢ such that 1 < g < Q and dist(ga, Z) < @ If 2 L e Fo is different from and
;’—,,, then g cannot be equal to ¢”. For if o < q—,/ ,, ,then p” — q"a > 7 L (p"q’ //) >
1 7 > 5. Thus g is one of the two integers ¢ and ¢'. In the case (i) p —qa>e> Ql+1 SO

that q # q', hence § = q. Likewise, in the case (iii) ga — p > € > Q+1 so that § = ¢’. In the
case (ii), one has

1 1
0<—(1—-qge)=—(qp' —pg' —qe) <qa—p=<e
q q
since g < Q < 61 Likewise 0 < p’ — q'a < ¢, so that g is the smaller of ¢ and ¢’. O

In fact, the parameters (A(w, r), B(w,r), Q(w, r)) can be computed in terms of Farey
fractions, by a slight amplification of the proposition above. We recall that, for each w € S!
such that 0 < w, < w; and w,/w; is irrational, one has

. wy 2r
O(w,1r) =€qn@.e(@), witha=—ande=—.
w1 [
Under the same conditions on w, we define
Ay« L 2r
D(w,r):= al ’5), again with o = @2 and € = —,
€ w] ]
and Q'(w, r) in the following manner.
Let @ =[1/e] with e = ==, and let y = 5 and y' = ‘"—, be the two consecutive Farey

fractions in Fg such that y < a < y’. Then

!
(1) ifs <a< ”qTE,We set
O(w,r) :=€q’;

’7
(ii) 1f% <a< ”T“,we set

Q' (w,r) :=emax(q, q');
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’
(iii) if ”T“ <a <, weset
O (w,r):=€q.

With these definitions, the 3-obstacle configuration parameters are easily expressed in terms
of Farey fractions, as follows.

Proposition 5.2 Let 0 <r < }I and w € S' be such that 0 < w, < w, and w,/w, is irra-
tional. Then

A(w,r)=1— D(w,r),
while

b(w,r)
D(w,r)

B(w,r)=b(w,r) — |: ]D(w,r),

with
Q(U),r)_1+ Q,((,(),r)D(a),r)

b(w,r)= 0.1

Sketch of the proof We follow the discussion in Propositions 1 and 2 of [2]. Consider the
case s <a< ”;76 ,and setd =gqa — p>0and d' = p’ — q'a > 0. According to Proposi-
tion 1 of [2], e B(w, r) = € — (pr — qra), with the notation p, = p’ +kp et g, = g’ + kq for
k € N* chosen so that

p +kp—e p+k—1p—e
— <o < o
q'+kq q' + (k= 1g
In other words, k is chosen so that d’ — kd <€ <d’' — (k — 1)d, where d = ga — p and

d'=p’ — q'a. That is to say,
f— e—d'| [1-d/e
L4 1 L D [

B=1—d_kd=1—d—+k”—l=b—[3]1)
€ €

and

€ D

withb=1— d:/ Since gp’ — pg’ =1, one has d’ = (1 — g’d)/q, so that b = Légl). The
other cases are treated similarly. O

5.2 Asymptotic Distribution of (Q, Q’, D)
As a first step in computing L£(F'), we establish the following

Lemma 5.3 Let f € C([0,11%) and J =[a_, ;] C (0, 1). Then

/ oo (o] ol ] . do
w, —€ewq |, w, -€w |, w, —€wW Wy /w —
SL ) 1 2 1 2 1 0 /w1 €J w%

- |J] f(Q. Q. D)d\(Q, Q. D)

(0,13
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as € — 0%, where X is the probability measure on [0, 11° given by

dQdQ'dD

/ 12
d)\(Q’ Q 4 D) = F(10<Qle<11Q+Q/>110<D<Ié—,Q + 1Q<Q/llé—,Q<D<l) Q

The proof of this lemma is based on the arguments involving Kloosterman’s sums to be
found in [2].

Proof For0 <€ < 1, set @ =[1/€]. Observe that

‘ ( 1 ) 1 ( 1 )‘ 1 Q,lew) 1
Q w, €W - _Q w, €W E S )
2 €Q 2 Q+1 €Q Q+1
. L
‘Q(w, l6601) - LQ’((U, lecm)’ < 1 Q em) < ! ,
2 €Q 2 Q+1 €Q Q+1
since Q(w, Lew;) <eQ and Q'(w, Lew) < €Q while

1 1
’D(a), Eean) — eQD(w, Eean)

since D(w, lea)l) <1.
Since f is continuous on the compact set [0, 173, it is uniformly continuous; let p be a
modulus of continuity for f. Then

1 , 1 D 1 do

/SI+ fl Ol o, F€@r ), 0| o, F€wr ), D| o, Zew, a)_%
—/ Lo(w tewn ).~ 0 (. on(w L do
S f oS w, 2ew1 ) w, 260)1 , € w, Zewl a)f

<3p(1/Q —0 (5.1)

Sl olat
_66 Io)

€=

as e — 0T,
Henceforth, we seek to prove that

[ 1( oo hewn) L0 (o ean) con(in b)Yy 22
slrf eQQ a),zewl ’eQQ a),zewl L€ a),26w1 wz/wlejw%

Al AS S Q', D)dr(Q, Q', D) (5.2)

[0.1]

as € — 07. Without loss of generality, by an obvious density argument we restrict our atten-
tion to the case where the test function f is of the form

f(Q,0Q',D)=¢g(Q, Q"h(D),
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with g € C([0, 11?) and h € C([0, 1]). Then

/LQL 2 oo beor Vi (e0n (o teon ) 1, 2
Sbrg GQ w, 266()1 . GQ w, 26(1}1 € w, 266{)1 wywi e wz

1
. / (é "é)h(g(qa—p»doe

r/aeFa(J)
q q
+ ) ﬁ+€ (é é)h(Q(p —q'a))da
plqeFo(J)
pte
q
+ 2 f 1,y ( )h(Q(qa— p)da
r/aeFQ(J)
L+e
+ / q<qg( )h(Q(P/—q/a))da
p/geFo(J)
P p P p
+ gl alle0 | sup —__‘+ sup _,__‘
plaeFo () 14 q plgeFo )4 q

=1+1+1II+1V+0(1/9), (5.3)

where £ < % are consecutive elements of Fo. Notice that the O term above is the contri-

bution of the endpoints of J not being elements of F,.

Define
H(Z)=/'h(y)dy, for each z € R.
0
Thus
"\ 1 1—¢€
= Y 65 8)gr (o)
placFo () q 4q
! 1 1_ 7
=Y g(%%)Q /H<Q 6‘1),
plaeFo ) q q

V= > 1y

r/aeFo(J)

g 9"\ 1 1—¢q
m= Y 1,4 <—, —) — (H(eQ) -H (Q - )) :
r/aeFo()) Q e/ 1

One has

(o) (o)
q q

< lnl~0L

/

q
h ol ——F—"—,
<Al Qq’ 0@+ D

1
— —€
Q
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likewise
1 — € ’ 1 A Q /
‘H<Q 9 ) —H(QL/N Sy TP A —
q q g 2AQ+1
while
1
[H(1) — H(eQ)| < ||hllzx]l — €Q] = ||hll L€ i Q| < |lhllp~e.
Hence
N 1 1-g/0
I = Z g(%,%)Q—H( ,/qé >+Rl
r/qeFo(J) q 9
with
1
IR < gl Y ==
vaeren 12Q+D

Applying Lemmas 1 and 2 in [2] shows that

g q'\ 1 1—¢q/Q
> 5(55) 57 (58)

r/aeFo(J)
6 , 1-0 dodQ’
—>|J|-—// g(Q,Q)H<—>1 > as Q — 00,
72 JJo2 o ere=t 0
while
1 6 dQdQ’
R;| < wl||h| e —= - |J]| — 1 - =0 ,
[Ri| S Ngllpee ]l o [J] = //(0,1)2 0+0'-1 7 (1/9)
so that

6 1— dQdQ’
I_)”l.F//(()l)zg(Q’Q/)H( Q/Q>1Q+Ql>l QQQ Q=0 G4

By a similar argument, one shows that

6 1—0 d0odoO’
n—|J|- ;f/o ])zg(Q’, Q)H< 0 )1Q+Q/>1£,
O,

) o
6 1 — d d /
w12 f[ w0 0 (w4 (152) ) tooton0 UL s
,1)?
6 1— !/ d0d4d0’
V=171 72 //(0 12 (0.0 (H(l) —H ( QQ )) Lo<olo+or>i QT,Q
as Q — oo.

@ Springer



292 E. Caglioti, F. Golse

Substituting the limits (5.4)—(5.5) in (5.3) shows that

f Lo(o ] (o) w(eon(s ! . do
— 0| w, —€w; |, — w, —€ € W, —€w o Jo1e] —
o f\eo 2 ) o 2 2601 ) ) Tealenel 2
-2 f/ / (Q. QVh(D)lgyproi1 4QdQdD
— - —_ o ) —=
n? (0.1)3g ' e+e>1To<p<i5f 0

12 , dQdQ'dD
+- = /f/ 8(Q, OHh(D)lgglgigailio_f | ——F———
T .17 o

Q

as € — 0, which establishes (5.2).
On account of (5.1), this proves the convergence announced in Lemma 5.3. a

5.3 Asymptotic Distribution of (A, B, Q)

Next we compute the image the probability measure A under the map (Q, Q’, D) —
(A, B, Q) defined in Proposition 5.2. In other words:

Lemma 5.4 Let g € C([0, 1]%). Then

1 1 1 dw
ng Al o, Eea)l ,B| w, Eéwl , 0| o, Eewl a)_%

— g(A, B, Q)dv(A, B, Q)
(0,173

as € — 07, where v is the probability measure on [0, 11° given by

dAdBdQ
dV(A, B, Q) = ?10<A<110<B<1—A10<Q<27A73 ﬁ

Proof We first compute the image ®,A of the probability measure A in Lemma 5.3 under
the map

®:[0,17 > [0,1] x R x [0, 1],

, 0-140D
(Q,Q,D)'—>(A,b,Q)Z(l—D,T,Q)
The Jacobian of & is
0 1}%” 1
detVd (0,0, D)=| 0 b ol=b_1-4
T QQ, 0 0
-1 £ 0

A straightforward computation shows that

d®,A(A, b, Q)
12 dAdbdQ
= ;10<A»Q<111—é<h<1—% (IA—%<b<0 + 1b>01h>2—A—é) 14
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This expression can be put in the form

12 dAdbd
d®.A(A,D, Q)= ;10<A,Q<l(1heA1(A,Q) + 1I7EA2(A,Q))TAQ’ (5.6)
where
A(A Q)—(A A <1 A)/\O)
1(A, 0 0 )
Ay (A Q)—(<2 A 1)\/0(1 A))
2(4, 0 ) o))
The probability measure v is the image of ®,A under the map
W:[0,1] x R x [0, 1] — [0, 1],
b
(A,b, Q) (A, B, Q)= (A,b— [ﬁ}(l —A), Q>.
In other words,
12 dAdbdQ
dA,B, =_1< <1<<—7
v( 0) nzoA,QIOBlAl_A
% Y (Laya.0)(B+n(l = A)) + 1a,4.0/(B +n(1 — A)))
nel
12 dAdbdQ
=—M(A,B, Q)1lo-a.g<1lo<p<ci-a———, 5.7
7_[2( Q)OA,QIOBlAl_A (5.7
where
M(A,B,Q)=#neZ|B+n(l—-A)ecA(A Q)
+#neZ|B+n(l—A)eA(A, Q)}. (5.8)

Whenever u, v ¢ Z, one has
#HmeZ|me u,v)}=(v]l—[uD.
Hence, for a.e. A, Q € [0, 1]

#neZ|B+n(l—A)eA(A Q)

_[a-A/0)A0—-B A—A/Q—-B
_[ 1—A ]_[ 1—A}

—since

(1-A/QAN0O-B A—A/Q-B _(1-AN(A/Q-4)
1—A 1—A a 1—A -

0.
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Forae. A,Q€e[0,1,if <A

[(1—A/Q)A0—B]_[A—A/Q—B]

1—A 1—A
_[1-A4/0-B A—A/QO—B
_[ 1—A ]_[ 1—A ]
:[MH]_[M]:L
1—A 1—A

Likewise, for a.e. A, Q € [0, 1]
#HneZ|B+n(l—A) eA(A, Q)

1 1—A/O—B 2-A—-1/Q)v0O—B
_Q”‘([ 1-A }_[ 1-A ])

—observe that, whenever Q < A,onehas2—A—1/0 <2—-A—1/A <0, so that

1-A/Q-B Q@-A-1/Qv0-B 1-4/Q0

1-A 1-A 1-A —7

while, if 0 > A,
1-A/Q0—-B (2-A-1/0)v0-B
1-A 1-A

_(A-A/O)AA-DHA-1/0) -0
o 1—A -

Therefore

#HneZ|B+n(l—A) eAi(A, Q)
+#neZ|B+n(l—A) e (A, Q)}

3 (1—A/Q)AO—B A—A/QO—B
_IQ<"+IQ>A<[ 1-A ]_[ 1—A }
1—A/Q—B 2-A-1/Q)v0—B
+[ 1—A ]_[ 1—A }
:1Q§A+1Q>A<|:(1_A{Q_)A/\O_Bi|+1

2-A-1/0)v0—B
_[ [ ]

B -B 2-A—1/Q)vV0—B
_1+IQ>A([1—A]_[ 1-A ])
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: 1
NOW, if Q < 4>

[Q—A—IMDVO—B]_[—B]

1—A T l1-A

while 0 > A if 0 > 51 since A+ 1/A > 2, so that
M(A,B,Q)=#neZ|B+n(l—A) eA(A Q)

+#neZ|B+n(l—A)eA(A, Q)

—B 2-A-1/Q-B
=1+1@7%<[1—A}_[ I—A ])

If - <0 <1and0<B <1— A, one has
—(1—A)<2—A—1/0—B<(1—A4A)

so that

—B T
— | =-1,
[I—A

B = B

1—A |
2—A—1/Q—B]
[ 1-A

=—1, if2—A-B<1/Q

Therefore

—B 2—-A-1/0—B
w0 (2] [

=1-15 1 Lap0=1,.

(5.9)

1
2—-A-B

whenever B # 0, and this establishes the formula for v in the lemma. O
5.4 Computation of L(F)
With the help of Lemma 5.4, we finally compute L(F).

Proof of Proposition 2.6 Let F € C(K), and set
1
F.(A,B, Q)= E(F(A’ B,0,+1)+ F(A,B,Q,-1));

obviously F, € C([0, 11%).
By Lemma 5.4

1 % (A 1 B 1 1 do\ de
o (e ) ) e ) )

Sz F.(A, B, Q)dv(A, B, Q)
4 [011]3

as n — 0T, for each 1, > 0.
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On the other hand, by Fubini’s theorem

1 s (A 1 B 1 1 dw\ de
], ([ (o500 50 3e0) 00 3e0) ) 53) €

_ 1 /n*F B 1 . 1 X

= [, G [ 7 (4 3000)- (053200 )- 05

@11%/2
=/ (L " F+(A(a),r),B(a),r),Q(a),r))d—r> do.
st \In(n./n) w1n/2 r w7

m

S
SN———
SN——"
m|§~
N———
SIE

By Theorem 4.4, the inner integral on the right hand side of the equality above converges
ae. inwe Sl+ to L(F}). By dominated convergence, we therefore conclude that

L(F}) = /;0 . F{(A, B, Q)dv(A, B, Q).
Finally, according to the amplification of Theorem 4.4
L(F)= /[‘0 " Fi (A, B, Q)dv(A, B, Q)
or, in other words,
L(F):/ F(A,B, Q,0)du(A, B, Q,0),
[0,113 x{£1}

where

1
du(A, B, Q,0) = EdV(A, B, Q) ® (85=+1+ 85=—1)- 0

6 The Transition Probability: a Proof of Theorem 2.1

6.1 Computation of P (S, h|h')

We first establish that the image of the probability v defined in Lemma 5.4 under the map
[0,1 5 (A, B, Q) > Tapo (W) eRy x[—1,1]

is of the form P, (S, h|h")dSdh, with a probability density P, which we compute in the
present section. Let f € C.(R; x [—1, 1]); the identity

/ f(S,h)P(S, h|h")dSdh = f(Tao+1(h)dv(A, B, Q)
Ry x[—1,1] B

[0,1]°

defining P, (S, h|h') is recast as
/ f(S,h)P(S, h|h)dSdh
Ry x[—1,1]

= FQ, 0 —2(1 — A)1_2a<w<1dv(A, B, Q)
[0,13
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1-00-8) ,
+/ f (7 h+2(1- B)) 11cw<—1428dv(A, B, Q)
[0 1]3 1—A

1-QB-4)
+/ FE=EE A 04— B) ) 1tiap w1 andv(A. B, Q)
[0 1]3 1 - A

=1+10+1.
In I, we first integrate in B, since the argument of f does not involve B. Observing that

Ov@2-A- é) < B <1— A, we have to distinguish two cases, namely 0 < Q < 5 and
ﬁ < Q < 1, which leads to

12 , 1—0
Zp/ FQO, R —2(1 — ANy p<a<i (10<Q<ﬁ +mlﬁ<Q<l>deA'

In the right-hand side of the equality above, we set S = Q and h =h' — 2(1 — A), to find

=5 £(S, 1 1 L2a=9, dSdh
_71-2 s —1l<h<h'<1 0<S<Wl—h)/2 S(h/—h) ﬁ<5<1 .

With the notation 1 = %Ih — 1’|, we see that I can be put in the form

6
=3 /f fS M chaw <

dSdh
wn%<kl +(1-91

<S<I)S_7]

[T
6 dSdh
= F // f(Svh)l—l<h<h’<110<S<l(Sn) A (1 - S)—T]

As for II, given A, we first make the substitution

_(1-00-B)
(&h)-( 0C=8 w420 B))

whose Jacobian is

1-B
-5 0

0
=i 2

a(S, h)

B 20-B)  h—W
3(Q,B)

1—A4 ~ 1-A4"

Hence

12 dSdh
= w2 (// G, h)ll e <S<Ta A1A<h <1 |h—h/|)dA

dSdh
/ 7S </ A <SS T alacigt dA) \h—n'|
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The inner integral is recast as

1
1 1 v 1, 4w dA
/0 At <S<Tma A<t <l
1
:15>01—l<h’<h<l/ 11—1/S<A<1—1/S+(h—h’)/21A<hEh’dA
0

h—h 1
=150l 1can<ils< (1 + - —>
+

2 N

2 S

hoh |1
2 S Lz

h—h 1
+ 15>0171<h/<h<115>1< + = - 1)
+

= 1S>017I<h’<h<l (

so that, eventually, we find

12 h—h 1 dSdh
= — S, ) g0l cprane —==-1 e
ﬂszf( M50 1hh1< > ‘S )+h—h/
6 dSdh
:_2//f(Sah)15>01—l<h’<h<l(S77_|1_S|)+ .
T Sn

Now for /I1. Here we make the substitution

(S, h) = (#, B+ 2(A — B))

whose Jacobian is

S

—B
-1 0

s, |-
& 2

_2A-B) _h-NW
3(0,B)

T 1-A T 1-A

This Jacobian vanishes for A = B; therefore, we further decompose

mr =11, + 111,

with the notations

1-0(B—A)
I, = / f <4,h/ +2(A - B)) 11 2p<w<1—241a<pdv(A, B, Q),
[0’1]3 ] —_ A
1-0(B—-A) ,
r, = / f <7,h +2(A - B)) 11 opw<1-241a-3dVv(A, B, Q).
[04,1]3 1— A
We begin with [I1,. With the substitution above, one has

12 !
I, = ;/ (/ FCS, W oa_1ctimiyp<ali<i—2al_ij2a<n
0

dSdh
X 11/(1—A)<S<l/(lfA+(h7h’)/4)171<h<h/<1m dA
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12 !
= ;// fGS, h)(/ Loa—i<i—ny2<alw<i—2al_i124<n
0

dSdh
X 11 j1-ay<s<1/(1=a+th—nyHd A )1 chap <1 m

The inner integral is

1
/ 12A—1<(h—h’)/2<A1h’<1—2A1—1+2A<h11/(1—A)<S<1/(1—A+(h—h’)/4)dA
0

Iflg+%(h7h’)<A<17]§dA

1
= /0 1A<%+%(h—h’)1A<%(l—h’)1A<%(l+h)1

1 1 , 1 o1 1
:<(§+Z(h—h))A§(l—h)/\§(1+h)/\<l—§>
_<1—l+l h—h/)>v0)
S 4( .
1 1 , 1 1 1
(b)) (1))

Alternatively, using the relations (a+c)V(b+c)=aVb+c,(a+c)Ab+c)=anb+c,
(—a)A(=b)=—(aVvb)andaV b+aAb=a+ b, we find that

—1——1h+h/——1(h/—h) A l——1 — 1——1——1(h/—h) v O
= ——1——1/’1-‘1-]’1, —l W —nh ——1 +1——1 h' —h
= 1_—1 h,_}l /\—1 - —1+—1 h+h/ Vv _1 _—1 }l,_h

so that

12 !
= = // f(S,h)</ La—i<t-nyp<alw<i—2al_ijoa<n
0

dSdh
X Lij(—ay<S<1/(1—A+(h—hyHd A 1—1<h<h’<lm

12 P
= // f(S,h)Ll<h<h’<1<<S — =S —h)) Al
T 4

1 S 1 dSdh
—(1—=SWH =h —+—-Slh+H A
( el )>V(2+4 et '>)+S|h—h/|
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With the notation ¢ = %Ih + h'|, we recast this last expression as

6 1
III] = _2// f(Sah)1—1<h<h’<l<(S_ —577) Al
T 2
1 1 1 dSdh
(1—cZsp)v(=s+2sc)) B
2 2°72%)) sy

The computation of /I, is fairly similar. Starting with the same substitution as for III;,
we obtain

12 !
I, = P/ (/ FS, Mo ic-nyp<alw<i—2al_ii04<n
0

dSdh
X Lija—ast—nya<s<1/a-ml-1<w<n<i

|h— R
12 !
= f(S,h) Loa—i<i—ny2<alw<i—2al_ii24<n
0
dSdh
X 11/(1A+(hh’)/4)<5<1/(1A)dA> 1o pyan< Tk

The inner integral is recast as

1
/12A—1<(h—h/)/2<Alh/<1—2A1—l+2A<h11/(1—A+(h—h’)/4)<S<l/(l—A)dA
0
1
=/O 1%(h—h/)<A1A<%+%(h—h’)1A<%<1—h/)1A<%(1+h)11—§<A<1—§+§(h—h')dA

1
= ](; 1%<h—h')<A1A<%—g|h+h’|+%(h—h'>11—§<A<1—§+%(h—h’)dA

11 1 ) 11 )

1\ 1 /
—<1—§>v§(h—h)>+.

As in the case of II1|, we have

<<1—l|h+h/|+l(h—h’)>/\(l—l—i-l(h—h’))—<l—l>vl(h—h/)>
2 4 4 S 4 S 2
(s s (2= ) ()~ (1) )

4 271 s s) 72 .
:<1+l(h—h’)—(1+l|h+h/|>vl

4 2 4 S
—(l—l>—1(h—h’)+(1—l>/\l(h—h/)>

s) 72 s)”2 .

I S TS B 1 N o1,
:<§_Z(h_h)_<§+Z|h+h|)v(§>+(l_§)A§(h_h))+
(=) (b ) (b )1

4 S 4 2 4 Ny
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so that

12 !
I, = ;/ (/ FS, W iciimmnp<al<i—2al_ij2a<h
0

lh —h|

2 < s Vs o (1a tsin
_F\/j/‘f(’)_l<h/<h<l<( _Z(— ))/\<+Z(_ ))

1.1 ) dSdh
—(=5+=-Sh+n)v1) ——.
27 g L S|h—1|

dSdh
X 11 j(1— A (h=h'y 4y <S<1/(1—A) L1 <t <<

In other words

6 1 1
s = = [ [ st ((s-550) A (14 550
b4 2 2
<IS+1S§)\/1> dSdh
2”72 L S

Summing up the contributions 1, 11, III; and III,, we find that

P.(S, h|h')

6
= nz—&?171<h<h’<110<3<1(577) A=)

6
+ S liawan<ils=o(Sn — |1 = S+
ENY/

6 1 1 1 1

— 1 pew<ilss S—=SnpIAl—{1-=S8Sp)v|=S+=S
+7T25’I e 0(( 2 77) ( 2 77) <2 T2 §)>+
+ 0 1 1 S 1S A l—l—lS 1S—i—lS v

a2sy i<k <h<tlsso TR PR > > ¢ L

Observe that

Isso(Sn =11 =SDy =11 s 1 (Sn—|1=S].
+1 =y

On the other hand, if
S 1S Al—(1 ls v 1S+ls >0
2> 2~ 7033 )=
then (S — 38n) — (1 — 351) > 0 so that S > 1; likewise 1 — (35 + 35¢) > 0 so that § < 2.
Hence
1 S ls Al—|1 15 v lS—i—]S
§>0 2 n > n 3 3 ¢ .
=1 S ls Al 1 1S v lS+ls
=15 > n > n > > ¢ +~
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By the same token

1 1 1 1
— = 1+ - - = — 1>0
(S 2Sn)/\< +2Sn> (2S+25§)v >

implies that (S — %Sr;) —1>0, sothat S > 1, and hence
1 S 1S A 1—|—IS 1S—le)vl
§>0 ) n ) n 2 ) é- .
=1 N lS A 1+1S lS—FlS v
=15 R R 3 > ¢ L

Finally

P.(S, h|h')

6
= ﬂ2—&71—1<h<h’<110<S<1(S77) AN =25

6
+ ”2—&]1—1<h’<h<11ﬁ<5<ﬁ(sn - |1 - S|)

6 1 1 1 1

—1—<<’<1<< S_—S Al — 1——S Vi =S —S
+7T2S7’] I<h<h 1152(( > 71) ( > '7) (2 T3 §)>+
+ 6 1 1 S 1S A 1—|—lS lS+1S V1

2250 1< <h<1ls>1 R TR 3 > ¢ L

By formula (2.24),
Tapo-(—h)=(L,—h) =Ty po+h)=(L,h)
so that

P(S,hlh") == (PL(S,h|h') + Pi(S, —h| — 1)),

N —

thereby leading to formula (2.11).
6.2 Proof of the Simplified Formula (2.13)
Assume that i > |A’| so that

n=3h—"n) h=(+n),
¢=3(h+n) W= —n

and denote
L:S—lSn, M:lS—i-lS{, N:lSn.
2 2 2 2
Whenever S > 1, the reader will easily check that (2.12) can be written as

2
Z%NP(S,hW)=(1+N—L)++(L/\(1+N)—Mv1)++(L/\1—Mv(1—N))+.
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Since L > M, the expression above can be reduced after checking the three cases L <1,
l<L<1+NandL >1+ N.One finds that

(I+N—L)y,+(LAA+N) —MvDy=0+N—-Mv(LAD):,.

Then

2 2
%N})(s,mh’):(1+N—L)++(L/\(1+N)—Mv1)+

+(LA1—=MV((1—=N)),
=(14+N-MVLAD);+LAL-MV(A—-N));

0 ifM>1+N,
={1+N-M ifl-N<M<1+N,
2N ifM<1-—N.

Since
{M—l—N: 38+ h),

M—N=1S(1+h)
the formulas above can be recast as
0 if 1S(14+h)>1,
Z%ZNP(S,hW): 1—1S(+h) if3SA+h)<1<iSA+h),
1S(h—n) if 1 <1S(1+h),

which holds whenever S > 1.
On the other hand, if S < 1, the last two terms on the right hand side of (2.12) vanish
identically so that

2
Z%NP(S,th’) =QN)A(1—8)+ (2N —(1—S8)), =2N = %S(h — ).

Putting together these last two formulas leads to (2.13).
6.3 Proof of Corollary 2.2

As for the statements in Corollary 2.2, observe that the symmetries (2.14) and the fact
that P is piecewise continuous on R, x [—1,1] x [1, 1] follow from (2.12). The first
identity in (2.15) follows from the fact that, by definition, (s, z) — P(s, h|h’) is a prob-
ability density, while the second identity there follows from the first and the symmetry
P(s,h|h)y = P(s, h'|h).

If S>4and h, h' €] — 1, 1] satisfy |h’| < h, the simplified formula (2.13) implies that

6
!
P(S,hih) < mh%k%-

On the other hand, 1 + /4’ < % and S > 4 imply that i’ < —%, sothat h > |h'| > %; therefore
h — k' > 1 and the inequality above entails (2.16).
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Starting from (2.16), observe that, because of the symmetries (2.14),

1 1
/ / P(s, h|h))dhdl :4/[ P(s, h|h)dhdh'
—1J-1 0<|h’|<h<1

< 24 // 1 dhdh’ = 48
= 728 O |<he] 1+ <3 T 7283’

which is (2.17).

7 Proof of Theorem 3.1

The existence of the integral defining E follows from the positivity of P(s, h|h’) and the
second identity in (2.15).
That E£(0, h) =1 for |h| < 1 follows from the formula defining £ and the second identity
in (2.15): this establishes the first part of statement (1).
The definition of E and the first formula in statement (1) show that
1

1
—BSE(s,h)=/ 2P(25,h|h/)dh/=/- 2P(2s,h|h)E(0, h')dh',

1 -1
s>0, || <1.

Using again the positivity of P (s, k|h") and the second identity in (2.15) shows that, for
each i € [—1, 1], the function (s, k') — P(s, h|h’) belongs to L' (R, x [—1, 1]). Therefore
E(s,h) — 0 foreach h € [—1, 1] as s — 400. Thus each function F = F'(s, h) of the form
F(s, h) = CE(s, h) satisfies both conditions in statement (2).

Conversely, let F = F(s, h) satisfy the conditions in statement 2), and let ®(h) :=
F(0, h) fora.e. h € [—1, 1]. Integrating both sides of the differential equation satisfied by F
in s € R; yields

1
o (h) :/ TI(h|1)D (h))dh' (7.1)
-1

since F (s, h) vanishes as s — +00, with
o0
[1(h|h") :/ P(S,h|h)dS.
0

Multiplying each side of the identity (7.1) by ®(h), and integrating in 7 € [—1, 1], we
see that

/‘11 & (h)*dh :/11 /11 [1(h|W)D(h)D(h')Ydhdh' . (7.2)
Observe that, by (2.14)
[1(K'|h) =T1(h|h"), forae.h,h' €[-1,1],
and

1 1
/ l'[(hlh/)dh’:/ [I(h'|h)dh =1, forae. he[-1,1],
- 1

1 -
in view of (2.15).
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Therefore
1 1 1 1 1
/ ®(h)’dh = / ( / H(h|h/)dh’) ®(h)’dh = / ( / H(h|h/)dh) ®(h)2dh,
-1 -1 -1 -1 —1
so that (7.2) becomes

1 1 1
0:/ q>(h)2dh—/ / 1(h|h")®(h)D(h)dhdh'
-1 —-1J-1
1 1 1
= / f H(h|h’)§(d>(h)2+@(h’)z)dhdh/
—1J-1
1 1
- / / [1(h|h")®(h)D (h)dhdh'
—1J-1

1 1
=/ f n(h|h’)%(q>(h)—q>(h/))2dh.
—1J-1

Since IT(h|h') > 0 a.e. in h, h’ € [—1, 1] as can be seen from the explicit formula (2.18),
this last equality implies that

O(h)=C ae.inhe[-—1,1],

for some nonnegative constant C. Therefore

1

—0,F (s, h) :C/ 2P(2s,h|h)dh’, and
-1
liIJP F(s,h)=0 ae.inhe[-1,1],

so that
00 1
F(s,h):C/ / P(t,h|h)Ydh'dt = CE(s, h),
2s —1

which proves the uniqueness part of statement (2).
Now for statement (3); by definition of P (s, h|h’), for each t > 0

1 00 1 1
/E(s,h)dh:/ //P(t,h|h’)dtdhdh/
—1 2s —-1J-1

1

lim
e—0t |Ine|

1/4 1 dr
f / 115,400y x—1, (T (R, a)))dh'T
€ —1

1

lim
e—0t |Ine|

1/4 1 dr
/ / 125, 400) 2re, (Y, (R, a)))a'h'T
€ -1

1/4

i + /72 dr
=2 lim v({(x,w) e /L7 | 2r7,. (x, w) > 25} —
r

e—0* |Ine€| J,
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where v, is the probability measure on I'}/Z? that is proportional to w - n,dxdw. Using
formula (1.3) in [2], which is a straightforward consequence of variant of the Santald’s
formula established in Lemma 3 of [9], we conclude that

1
/ E(s,h)dh =—-2p'(2s), 5>0,
-1

which is the first formula in statement (3). The second formula there is a consequence of the
expression of p”(s) as a power series in 1/s given in formula (1.5) of [2].
Finally, we establish the second formula in statement (1). Indeed

oo prl 00
/ / E(s, h)dhds :/ —2p'(2s)ds = p(0) =1,
0o J- 0

while the first equality in that formula follows from the identity defining E and Fubini’s
theorem.

8 Proof of Theorem 3.3

If F is a solution of (2.30), we set f = F/E, so that, observing that E(0,h") =1 for h’ €
[-1,1],

E(s, )0+ -V, —0)f(t,x,0,5,h) — f(t,x, 0,5, ) E(s, h)

1
:/ 2P(2s,h|h) f(t, x, RIO(R)],0,h"dH, .
—1

Since
d,E(s, h) = —/11 2P(2s, h|h)dK,
the equation above can be put in the form
E(s,h) (0, +w-V,—0;) f(t,x,w,s,h)

1
:/ 2P(2s, h|h") (f(t,x, RIO(K)],0,h') — f(t,x, 0,5, h))dh.
-1

Next we multiply both sides of the equation above by h/(f) — h'(1): the left hand side
becomes

W (ft,x 0,5,0) —WANE(, )0 +o- Ve = 03,) f(t,x,0,5,h)
=@ +o- V=) (EGs, H(f(1,x, 0,5 1) —h(1) =W D) (f(t,x, 0,5,h) — 1))
+ 0, E(s, )(h(f(t,x, 0,5,h) —h(1) =W (D) (f(t, x,0,5,h) — 1))
=@ +o- V=) (EGs, H(f(1,x, 0,5 1) —h(1) =W D)(f(t,x, 0,5,h) — 1))

I
— / 2P2s, h|W)Y(f(t,x,w,s,h)) —h() —h'(D)(f(, x,0,s,h) —1)dh'.
-1
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Integrating in (w, s, k) transforms this expression into
o pl
8,///(h(f)—h(l)—h’(l)(f—1))(t,x,w,s,h)E(s,h)dhdsdw
stJo J-1
o prl
+div///a)(h(f)—h(l)—h/(l)(f—l))(t,x,w,s,h)E(s,h)dhdsdw
* JstJo J-1

1
+/ / (h(f) —h() -k )(f — l)) (t,x,w,0,h)dhdw
st J—1

oo pl 1
_/5/0 /lflzms,mh’)(h(f)—h(l)_hf(l)(f_1))

x (t,x,w,s, h)dh'dhdsdw.

Using the relation (2.15) simplifies this term into
0 /sl AmKZ(h(.f) —h() —W)(f — D), x, 0,5, h)E(s, h)dhdsdw
+d)icv/51 /000/11 o(f) —h1) —hW)(f — D), x,0,5,h)E(s, h)dhdsdw
+/;I /:]l(h(f) W), x,0,0,h)dhdo

oo pl 1
—/ / / / 2PQ2s,h|hY(h(f) =W Q) ), x,w,s, h)dh'dhdsdw.
stJo Jo1Ja

On the other hand, multiplying the right hand side by h'(f (¢, x, w, s, h)) — hW'(1) and
integrating in (w, s, i) leads to

oo pl 1
/// f 2P Q2s, hI)(f (¢, x, RIOU ). 0, h) — f(t. x, 0. 5. )
stJo J-1J-1

x (W (f(t,x,w,s,h) —W(Q))dh'dhdsdw

oo pl 1
:f / / / 2P(2s, hIhY(f(t,x, RIO(h)]w,0,h") — f(t,x,w, s, h))
stJo J-1J-1

xW(f(t,x, o, h)dh'dhdsdw

oo pl 1
+h’(1)f // / 2P(2s,h|h’)f(t,x,a),s,h)dh’dhdsdw
stJo J-1J-1

1
- h/(l)/ / ft, x,0,0,hYdhdw
st J—1
after substituting w for R[6(h')]w in the last integral above.
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Putting together the left- and right-hand sides, we arrive at the equality
3,L1 /Ooo/l](h(f) —h() —hW)(f - D), x,w,5,h)E(s, h)dhdsdw
+diVA1 Aw/ll wh(f)—h1) —WD)(f -1, x,w,5,h)E(s, h)dhdsdw
4 /S | f ll(h(f) — W) ), x,@,0, K )dR deo
— /;1 /Ooo/jl /_ll 2P2s, h|W)Y(h(f) =W (1) f)(t, x,w,s, h)dh'dhdsdw

oo pl 1
=/ // / 2P(2s, kK (f(t, x, RIO(W)]w, 0, k") — f(t,x,w,s, h))
stJo J-1J-1

xW(f(@t,x,w,s, h)dhdhdsdw

oo pl 1
+h/(1)/ / / / 2P(2s,h|W) f(t,x,w, s, h)dh'dhdsdw
stJo J-1J-1

1
—h'(1) /1/ ft,x,w,0,h)dh dw.
stJ-1

All the terms with a factor h'(1) in the integral part of the equality above compensate, so
that the equality above reduces to

3, /SI /000/11 ((f) —h(1) =W (1)(f — 1)1, x, w, s, h)E(s, h)dhdsdew
+d§v[51 /OOC/II wh(f) —h(1) =W ) (f — 1)), x, o, 5, h)E(s, h)dhdsdw
+/SI /11 h(f)(t, x,w,0,)dl dw
—/Sl /Ooof_ll /_112P(2s,hlh’)h(f)(t,x,w,s,h)dh’dhdsda)

oo pl 1
—//f/2P<2s,h|h’>(f<t,x,R[@(h’)}w,o,h’>—f(r,x,w,s,m
stJo J-1J-1
><h/(f(t,x,w,s,h))dh’dhdsdw:().

Using again the relation (2.15) and the substitution w — R[0(h’)]w, one has
1
// h(f)(t,x,®,0,h")dh'dw
st J—1
o prl 1
= / / f / 2P 2s. hIW)h(f)(t, x, @, 0, h")dh'dhdsdew
stJo J-1J-1

oo pl 1
= / f / f 2P(2s, h|hY(f)(t, x, R[6(h)]w, 0, k' )dh'dhdsdw
stJo J-1J-1
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so that the previous identity can be put in the form
oo rl
3:/ / / (h(f) —h(D) =W D)(f = D), x, 0,5, h)E(s, h)dhdsdw
stJo J-1
oo prl
+div///a)(h(f)—h(l)—h/(l)(f—1))(t,x,w,s,h)E(s,h)dhdsdw
X JstJo J-1

oo pl 1
—I—/// / 2P(2s,h|h/)<h(f)(t,x,R[@(h/)]a),o,h/)—h(f)(z,x,a),s,h)

stJo J-1J-1
—(f(t,x, RIO(W)]w,0,h") — f(t,x, 0,5, )N (f(t, x,w,s, h))dh/dhdsdw =0.

Integrating both sides of this identity in x € T2, we finally obtain

d
S H(fEIE) + / Da(f)(t, x)dx =0,
t T2

with Hy(F|E) and Dy(f) defined as in the statement of Theorem 3.3.

9 Proof of Theorem 3.2
Inserting F (¢, x,w,s,h) = f(t,x,w)E(s, h) in (2.30), one finds that
E@s,h)0;+w-V)ft,x,0) — f(t,x,w)d,E(s, h)
= /11 2P(2s, h|h) f(t, x, R[O(W)]w)dH
so that

E(s,h) (0, +w-V,) f(t,x,w)
1
:/ 2P Q2s, hll') (f (2, x, RO w) — f(t,x, w))dI’
-1

since

1
—a,E(s,h)Z/ 2PQ2s, h|)dh', s>0, |h| <1
-1

—see Theorem 3.1.
Integrating in & € [—1, 1] both sides of the penultimate equality, we obtain

1
/ E(s,h)dh@0;, + w-V,) f(t, x,w)

1
1 1
:/ / 2P2s, h|h") (f(t, x, RIO(h)]w) — f(t,x,w))dh.
—-1J-1
Since

1
1
/E(s,h)th— as s — +0o

- m2s?
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by Theorem 3.1, while

1 1 /
C
/ / P(S,h|h)dhdh < ——
—1J-1 (14 95)3

by (2.17), one has

1
1
/ EGs ARG, + 0 V) f(0,%,0) ~ = (0 +0- V) £ (5,0,
—1
and

1 1
’/ / 2P(2s, h|h") (f(t, x, RIO(W)]w) — f(t,x,w))dh'dh
—1J-1

=< m”f(f, M peor2xst)-

Hence
(O +o- Vo) f(t,x,0)=0, and
JL O E s, 1) (f(t, x, RIO(W)w) — f(t,x,w))dh' =0.

Integrating the second equality in s > 0, and observing that E|;_o = 1 while E(s,h) — 0
uniformly in 2 € [—1, 1] as s — +00, we see that

o0 1
/ (/ WE(s, 1) (f(t,x, RIO(W)]w) — f(t,x, a)))dh’)ds
0 —1

1

1 o]

:/ (/ BSE(s,h’)ds> (f(t.x, RIO(W)]w) — f(t,x,w))ds
- 0
1

:/ (f(t,x, RIO(W)]w) — f(t,x, w))dh' =0

-1

or, in other words

1
ft,x,w)= %/ f@t, x, RIO(W))w)dh' =: (¢, x).
-1

On the other hand, the first equation implies that
O +w-V)p(t,x)=0
so that

dp=0,6=0, j=12.

F(t,x,w,s,h)

G0 1S a constant.

Hence ¢ is a constant, which implies in turn that f (¢, x, w) =

10 Proof of Theorem 3.4

Let f" € L>(T? x S') be such that f"(x, w) >0 a.e. in (x, w) € T2 x S!, and let F be the
solution of the Cauchy problem (2.30). Define Fy(t, x,w, s, h) = f"(x, w)E(s, h) and set
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K;Fy=F; for j € N, where we recall that (K,),>¢ is the evolution semigroup associated to
the Cauchy problem (2.30).
Step 1:

Assume first that V" fi" € L>°(T? x 8') for all m > 0, so that F solves (2.30) in the
classical sense. Then, with h(z) = %zz, one has

H(Fy|E)+ Y _(H(F;|E) — H(F;41|E)) = H(F| E)
j=0

for each n > 0, and since
H(F;|E) — H(Fj|E) = H(F;|E) — H(K/ F;|E) =0
by Theorem 3.3, one has
H(F;|E)—H(Fj+1|E) =0 as j— 4o0.

Now,

H(F;|E) — H(Fj|E)
1
:// D(K,Fj/E)dxdt
0J712

1 o]
:// f / // P25, h|h)®;(t, x, ®,s, h, ')’ dhdh'dsdwdxdt
0J12Jst Jo [—1,1]2

with the notation
K/ F;(x,w,s,h)

D;(t,x,w,5,hh)= EG.I)

— K. Fj(x, RIO(h)]w,0, k)
forae. (t,x,w,s,h, 1) €[0,1] x T> x S' x R, x [—1, 1%
In view of properties (1) and (3) of the evolution semigroup (K,),>o recalled in Sect. 3,
one has
- K Fi(x,w,s,h)

0= E(s,h)

=< ||fm”L°C(T2><Sl)

fora.e. (x,w,s,h) e T?> x S! x R, x [—1,1] and each ¢t > 0, so that, up to extraction of a
subsequence,

Fj/E—~F/E in L®(T* xS' x R} x [—1, 1]) weak-*

as jr — +o00, by the Banach-Alaoglu theorem. Besides, the estimate (2.16) implies that

4

0= +w-Vi—0)KF) < > IF™ 1 oo r2 st

so that, by the usual trace theorem for the advection operator 9, +w -V, — d; (see for instance

[8D
K,F; (x, RIO(h)]w,0,h)~K,F(x, R[O(h)]w,0,h")

in L>([0, 1] x T? x S! x [—1, 1]) weak-*. In particular

@, —~® inL®(0,1] x T> x S' x R, x [—1, 1]?) weak-*
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with
K, F(x,w,s,h)

EG. D) — K, F(x,R[6(h)]w,0,h)

O, x,w,5,h,h)=

a.e.in [0, 1] x T? x S! x R, x [—1, 1]%. By convexity and weak limit

1 0 pl 1
// / / / / P(25,h|h/)<I>(l,x,a),s,h,h/)zdh/dhdsda)dxdz
oJr2Jst Jo J-1J-1
1 1
:// D(K,F/E)dxdt < lim// D(K,F; /E)dxdt =0,
0J12 k=00 Jo J12

so that

K, F(x,w,s,h)

D, x,w,5,h,h)= EG.I
s,

— K. F(x, RIO(W)]w,0,h)) =0

a.e.on [0, 1] x T2 x S' x R, x [—1, 1]%. Averaging both sides of this identity in A’ € [—1, 1]
shows that

K/ F(x,o,5,h) 1 1 / N
W _5/4 K,F(x, R[6(h)]w,0,h)dh" =: f(t,x,w)

forae. [0,7] x T2 x 8! x Ry x [—1, 1], i.e.

K. F(x,w,s,h)= f(t,x,w)E(s, h).

By Theorem 3.2, one has f (¢, x,w) = C a.e.in (¢, x, w) € [0, 1] x T2 x S' for some constant
C >0, so that

F(x,w,s,h)=CE(s,h) ae.in (x,w,s,h)eT?>x8"' xR} x[—1,1].

Let us identify the constant C. Property (4) of the semigroup (K,),>o recalled in Sect. 3
implies that

oo pl
// / / Fi(x,w,s, h)dhdsdxdw
T2x8! Jo J-1
=// f’"(x,a))dxa'w/ f E(s,h)dha’s:/[ f"(x, w)dxdw.
T2 xS! 0 J-1 T2 xS!

Since F;,/E—~F/E in L*(T? x 8! x R} x [—1, 1]) weak-* as j, — 400,

o prl
/ / Fi"(x, w)ydxdw = / / / / F(x,w,s, h)dhdsdxdw
T2 xS! T2 %8 Jo J-1
oo pl
= // / / CE(s, h)dhdsdxdw =2nC.
T2x8! Jo J-1
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Hence

1 )
Fj,/JE~C=_— // f"(x, w)dxdw
27T T2 %Sl
in L®(T? x S! x Ry x [—1, 1]) weak-*.

Since the sequence (F;/E) ;o is relatively compact in L>(T* x S' x Ry x [—1,1])
weak-* and by the uniqueness of the limit point as j — 400, we conclude that

1 )
FJ-/E—\C:—// [ (x, w)dxdw
21 J Jr2xs!
in L®(T? x S' x R, x [—1, 1]) weak-* as j — 4o0. Thus, we have proved that
K;jFo—CE in L®(T? x S' x Ry x [—1, 1]) weak-*,

where
1 )
C=— // 7 (x, w)dxdw
2 J Jr2xs!

1 oo pl
= — // / / Fo(x,w,s, h)dhdsdxdw,
2 T2xS8! Jo J-1

whenever V" fi" € L>®(T? x S') for each m > 0, with f" >0 a.e. on T> x S'.
Step 2:

The same holds true if 0 < f* € L>®°(T? x S!) without assuming that V" fi" ¢
L>®(T? x S') for each m > 1, by regularizing the initial data in the x-variable.

Indeed, if (¢c)eso is a regularizing sequence in T? such that ¢ (—z) = ¢.(z) for each
z € T2, one has

oo pl
// / / (K (e >y Fo) — K, Fo)(x,w,5,h)¢(x,w, s, h)dhdsdxdw
T2x8! Jo J-1

oo prl
:// // K (Fo)(x, @, 5, ) (e ¢ @ — ) (x, @, s, h)dhdsdxdw
T2xS! Jo J-1

because K, commutes with translations in the variable x. Since
||KtF0/E||L°°(T2><S]><R+><[71,l]) = ||F0/E||L°°(T2><S]><R+><[7l,l])
for all + > 0, and
Ceryd—p—0 in LY(T? xS' xRy x [—1,1]),
we conclude that
K, (L % Fo) — K, Fo—0 in L®(T? x 8! x Ry x [—1, 1]) weak-%

as € — 0T uniformly in ¢ > 0. Since we have established in Step 1 that
1 .
K;(le % Fo)—— // f(x, w)dxdw
21 J Jr2xs!
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in L*(T? x 8! x Ry x [—1, 1]) weak-* for each € > 0, we conclude by a classical double
limit argument that

1 ,
K;(Fp)~CE withC = 7 // f(x, w)dxdw
b1

T2xS!

in L2(T? x S' x Ry x [—1, 1]) weak-* as j — 4o00.
Summarizing, we have proved that

1 [e's] 1
K;Fy—— // / / Fo(x,w,s,h)dhdsdxdw | E
2n %8l Jo J-1

in L®°(T? x S' x R, x [—1,1]) weak-* as j — +o0. Replacing Fy with K, Fy for each
t € [0, 1] and noticing that

oo pl
// / / K, Fy(x,w,s, h)dhdsdxdw
T2xS8! Jo J-1

oo pl
=// // Fo(x,w, s, h)dhdsdxdw
T2x8! Jo J—-1
we conclude that

1 o] 1
K Fop—— (// / / Fo(x,w,s, h)dhdsdxda)) E
2r %8sl Jo J-1

in L®(T? x S' x R, x [—1, 1]) weak-* as t — +o00.

11 Proof of Theorem 3.5

The argument used in the proof is reminiscent of the one used in [12, 14].
Assume the existence of a profile ®(¢) such that the estimate (3.1) holds. Therefore, for
each initial data " € L?>(T? x S'), the solution

Ft, ) =K (f"(,)E(, )
of the Cauchy problem satisfies
IF@, - )22 xs! xRy x(—1,17)
= ”(fin>E||L2(T2><Sl><R+><[—1.1]) +o@®IFO,-,-, -, ')||L2(T2><S1><R+><[—1,l])
= <fm>m”E”L2(R+x[—l.l]) + q>(t)”fm”L2(T2><Sl)||E||L2(R+><[—l,l])'

Assume " > 0a.e.onT? x S';then F > 0a.e.on R, x T? x S! x R, x [—1, 1], so that
the right-hand side of the equation satisfied by F is a.e. nonnegative on R, x T? x 8! x
R, x[—1,1]. Thus F > G ae.on Ry x T2 x S' x R, x [—1, 1], where G is the solution
of the Cauchy problem

(0 +w-Vy—0,)G(t,x,w,5,h) =0,
GO, x,w,s,h) = f"(x,w)E(s, h).
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The Cauchy problem above can be solved by the method of characteristics, which leads to
the explicit formula

G(t,x,w,5,h) = f"(x —tw,w)E(s +1,h),

forae. (t,x,w,s,h) e Ry x T? x S' x Ry x [—1, 1]. Thus

NF(t, -, -, ')||L2(T2><Sl><R+><[—1.1])

> NG, - s I 22 xs! xRy x[1,17)

) ) 1 1/2
="l 22 xs1) <f /E(s,h)zdhds>
t -1
1 00 | 2 1/2
> 1™ 2z nst) —= / ([ E(s,h)dh) ds| .
ransh 2\ ~1

Therefore, if there exist a profile ®(¢) satisfying the estimate in the statement of the

theorem, one has
- . 2 12
( ([ s mar) ds)
t —1

3 ( V27 (fim)

Il 22 xsty

+ ‘13(0) ﬁ||E||L2(R+x[—l,l])

for each ¢ > 0, and for each f" € L>(T? x S") s.t. f" >0 a.e.on T? x S'.
Let p € C(R?) such that

s su —_—, = s

and set
x
€

Pe(x) :=p( )

for each € € (0, 1). Define p, as the periodicized bump function

pe(x) 1= pelx + k).

kez?

Clearly

~ 2
1 0cll L2y = lPell w2y = €l o1l L1 Ry
||/5e||L2<T2> = [10ell 2m2y = €lloll L2 r2)-

Choosing f(x, w) := p.(x) in the inequality above leads to

o 1 2 1/2
/ </ E(s,h>dh) ds) < (EM +<I><r)> V2IEl 2@ xio1p
t -1 ||p”L2(R2)
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and, letting € — 0%, we conclude that

2 1/2

0o 1
f (/ E(s, h)dh) ds < ﬁq)(t)”E”Lz(Rer[—l,l])'
: -1

That ®(t) = o(t~3/%) as t — 400 is in contradiction with statement (3) in Theorem 3.1,
which implies that

172
! : 11

/[ (/_1 E(s, h)dh) ds ~ —\/gnz )

as t — 400, while statement (1) in the same theorem implies that

0o 1 oo rl
IEN? > R, i1 1])5/ / E(s,h)E(O,h)dhds:/ / E(s,h)dhds = 1.
AR 0 J-i 0 J-i
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